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NOTATION 

x,y        rectangular  coordinate  variables 

z,3         complex  variables 

z,l        conjugate  complex  variables 

r^         components  of  a  complex  variable  in  polar  form 

where  o  =  e*^ 
f (z) ,  X(z)   complex  potentials 

€x»€y       unit  elongation  in  x-  and  y-directions 
Y^         shearing-strain  component 
ff    ,0        normal  components  of  stress  parallel  to  x-  and 

y-directions 
f--  shearing-stress  component 

u,v        components  of  displacement  in  x-  and  y-directions 
X,Y        components  of  body  force  per  unit  volume 
X,Y        components  of  a  distributed  surface  force  per 

unit  area 
E  modulus  of  elasticity  in  tension  and  compression 

G  modulus  of  elasticity  in  shear 

y  Poisson's  ratio 

Cos(x,n)    cosine  of  the  angle  between  the  x-axis  and  the 

normal  to  an  arc  in  the  plane 
p  constant  density 

u  constant  angular  velocity 


iv 


INTRODUCTION 

A  substance  for  which  the  elastic  properties  are 
independent  of  direction  is  said  to  be  isotropic.   For 
such  taaterial,  we  may  impose  a  coordinate  system  at 
random  in  order  to  designate  direction  and  distance. 

This  paper  will  be  concerned  with  a  thin  plate 
of  isotropic  material  in  the  form  of  a  limaqon.   The 
object  of  the  work  will  be  to  determine  the  stress  dis- 
tribution of  this  plate  when  it  is  rotating  with  con- 
stant angular  velocity  about  its  centroid. 

The  first  part  of  the  paper  will  furnish  the  tools 
for  the  investigation.   The  second  part  will  then  make 
use  of  these  tools  to  solve  the  problem. 


PART  I 

1.1.   Derivation  of  the  Differential  Equation  Governing 
the  Stress  Distribution  in  an  Isotropic  Plate  under  Gen- 
eralized Plane  Stress. 

Let  the  plate  be  referred  to  an  orthogonal  space 
coordinate  system  such  that  the  x-,  and  y-axes  are  paral- 
lel to  the  plane  of  the  face  of  the  plate.   Let  the  dis- 
placements in  the  directions  of  x-,  y-,  and  t-axes  be 
u  =  u(x,y,t),  V  =  v(x,y,t),and  w  =  w(x,y,t),  respectively. 
Then  the  components  of  stress  and  strain  are  related  as 
follows   7,  pp.  6,7,9  : 


'y 


(1) 


3V  „  IL   _7;(o   +  o  )] 

ay   EL  y     x    t  J 

€t  •=  -I?  -  iL'^t  -^'(ox  +  ''y)] 

9U    BV    1 

Yxy  "  ay  +  "Sx  "  G  "^^y 

3u  ^  aw   1  X  . 
■Yxt  *=  aTt  "^  ax   G  ^^ 

^3vaw„lT^ 

^yt     3f  "^  37     G    y** 

If  the  plate  is  loaded  only  by  forces  parallel  to 
the  plane  of  the  plate,  the  stress  components ot, tyt,  and 
Txt  *r®  zero  on  the  faces  of  the  plate.   In  the  state  of 


"Generalized  Plane  Stress,"  o^  =  0  everywhere  and  this 
state  is  thus  specified  by  o^.,  Oy,  and  r^y  only,  which 
are  independent  of  the  t-direction  and  are  average  values 


across  the  thickness  of  the  plate 


5,  p. 95 


(2) 


Under  these  conditions,  equations  (1)  reduce  to 
3u   1  -        ^ 


V      9u    ^v 


xy 


ay  ^  ax 


\y> 


where  ^x*  £y>  ai^d  Yxy  ^x*®  average  values  across  the  thick- 
ness of  the  plate.  If  these  equations  are  solved  for  o^, 
Oy,  and  T^y.  we  have, 

cy  r/'9"  ^  5v\     E    /9u  ^  ^v^ 

Equations  (3)  are  given  by  Muskhelishvili,  (p.  94)  in 
slightly  different  notation. 

The  equations  of  equilibrium  for  "Generalized 
Plane  Stress"  are  7,  p.  22  : 


(4) 


■■3x"  + 

Sy     +    X 

30y 

3X      +     ' 

These  equations  may  be  changed  from  this  form,  involving 
the  stress  components,  to  the  form  involving  the  strain 
components  by  the  iise  of  eq\iations  (3) .   This  yields  the 
new   equilibrium  equations  of 


,  3e     o 

*ax  +  <^  «  +  X  -  0 


^-gf  +  Gv2v  +  Y  =  0 


**^«'«  ^  -  TT^'  G  ■=  anliT'  «  "  ^x  +  %'  *°d 


2   2i  ^  ^ 
~  ax2  ay2" 


If  the  asstmption  is  made  that  X  °  -  ^  and 

and  Y  "^  -  ^,   vhere  V  is  a  potential  function,  then 
equations  (4)  can  be  written  as: 


^ ,«    .   ""''^ 


(6) 


These  equations  will  be  satisfied  if  a  new  function 


fi>(x,y)  is  introduced  such  that 
^     ay2 


4~i 

L-J' 


(7) 


Ov-V 


'xy 


By  making  a  substitution  from  equations  (7)  into  equations 
(2)  w©  get: 


"Yxy 


-  1  3^»  „  _  2(H-i^)  _£^ 


G  Sx3y 


E    3x3y 


Now  the  equation  of  compatibility  for  "Generalized 


Plane  Stress"  is 


7  p.  24 


(9) 


a^ex  a^e 


^  €x   d  ^y   c*  ^xy 
ay2  +  "i^  "  Sxay  • 


Substituting  equations  (8)  into  (9)  yields  the  differential 
equation 


(10) 


3x4 


ax23y2   ay4  \dx2  ay2y 


which  is  the  same  as 
(11)  -^'^ 


(v^)^  =.  (l-x)(||  +  If 


Thus,  if  a  function  can  be  found  to  satisfy  (11), 
it  is  clear  that  it  will  satisfy  the  equilibrium  equations 
as  well  as  the  compatibility  equation. 

1.2.  A  General  Solution  of  (v^)^  =  -(l-2^)v2v  and  the 
Form  of  the  Stress  Components  for  this  General  Solution. 

The  differential  equation  (11)  is  a  nonhomogeneous 
partial  differential  equation  whose  solution  can  be  given 
as  the  sum  of  a  particular  integral  and  a  complementary 
function  satisfying  the  homogeneous  equation  4,  p.  157 

(12)  (v2)20  „  0 

Let  F(x,y)  be  the  particular  integral  satisfying  (11). 
Now  (12)  can  be  written  as 

(13)  (D3j2  +  Dy2)20  »  0 

o   d2      o   a2 
where  "D^^   =•  — -  and  D  2  -  -r— ;r.   Hence  (13)  can  be  written  as 

(14)  (D^  +  iDy)2(Dx  -  iDy)20  -  0. 

Thus  0  ==  fi(x  +  iy)  +  f2(x  -  iy)  +  xf3(x  +  ly)  *   xf4(x  -  iy) 
4,  p.  159  ,  or 

(15)  0  =  ReJ^(z)  +  ic{z^     =■  I  5y(z)  +  2SfrzT  +  ^(z)+  ^^(zTj , 
where  7(z)  and  t(z)  are  analytic  functions  in  the  region 
under  consideration  and  z  »  x  +  iy.   Hence  the  general 
solution  of  (11)  is 

zT  +  zf  +  X  +  tJ  , 

Where  (v2)2p  „  -(l-i')v2v. 


(16)       ♦  =  F  +  ^ 


Now  Y(z)  =   u(x,y)  +    iv(x,y)   and   thus 
f  »(z)  o.   Ujj  +    iVj,  -  Yx  and 


(17)  Yy  =   Uy  +    iVy v^  +    iux  =   i(u3j  +    iv^)  -   If  *(z). 


Also  ?TzT  =■   u(x,y)-iv(x,y)   so  that  Y»(z)  =•   "x~^^x"^x  ^'^^^ 
(18)  ~ 


u     —  iv 

y  y 


y      -y      -y      "^x  "  ^^  -=  "^^^x  "  i^x>  --^^'(z) 

where  u^  »  Vy  and  Uy  »  -v^  are  the  Cauchy-Riemann  Equations 
3,  p.  28  .   The  same  forms  hold  also  for  ^(z)  and  ^(z) . 
Thus  from  (15),  (17), and  (18),  the  following  hold: 
0x  °'S\^Hz)  +ss?*(z)  +f  (z)+  f  (z)+  z»(2)+  z»  (z)] 

JJy-||^»(z)  -2fjf»(z)-f  (Z)+  ?(Z)  +  ^♦(Z)-^«(Z)] 

(19)  JJxx"  2^"^^^  +  zY"(z)+  2if»(z)+  2f » (z)  +^"(z)  +%"(z)] 
^xy  =■  2  &^"  (z)  -  z!rMUT+ ^"  (z)  -  iF(z)] 

0yy— J  [zf "  (z)  +  zf^^TzT  -  2?  ♦  (z)  -  2f  »(z)  +:t"  (z)  +  Z"(z)\  . 

Hence  fr<»a  (7),    (16)  and   (19),    the  stress  components  are 
given  by 

°7C    -V+  Fyy  -  |[2?''(z)+  zr"TzT  - 2f  ♦  (z)  -2T»(z)  +i:"(z) 

+  2r"(2)] 

(20)  Oy    -V+Fxx+   |[ii:"  (z)  +  2Sy"  (z)  +  2f »  (z)  +  2? »  (z)  +  ^^  (z) 

+  ^^NU)] 
■^xy  =  -Fxy  -  |&^"  (z)  -  s«?"(z)  +  X"  (z)  -  ^"(z)]  . 


1.3.   Effect  on  Boundary  Forces. 

On  the  boundary  of  the  plate,  the  following  rela- 
tions must  be  satisfied  [?,  p.  19ol  : 

X  =  a^os(x,n)  +  T^yCos(y,n)  =■  a^(g)  -  T^y/d|) 
(21) 

Y  =  T^yCos(x,n)  +  OyCos(y,n)  -  T^y(d|)  -  Cy^g). 

By  equation  (7),  these  reduce  to 

\      ^T^ds  +  a^^ds     ^ds  +  dsVsy/ 

Y  =  -  .^  »  dx  -  (v  +  ^^dx  „      dx      JL/Sll^ 
axay  ds      V  +  ax2yds     ^^  ~  dsfey- 

HenceX.iY-v||-ivg.^(;f  -i^) 

(23)  -.i[v(^.id|),^^^.,^^3]. 

By  (16)  and  (19),  (23)  can  be  written  as 

(24)  i(i  +   i?)    ==  v(g  +   igl)   +  ^[f^  +   iFy  +  Y(z) 

+  ssy»(z)  +  x»(2)] . 
The  resultant  force  on  a  part  of  the  bovmdary  is  thus 

(25)  if  (X  +  i7)ds  -  Jv(dx  +  idy)  +  F^  +   1F„  +  f  (z) 


+  zr  (z)   +  Z*iz), 

Now  for  a  part   of  ,  the  boundary  of  the  plate, 
if  there  are  no  external  forces  on  the  boundary  fs,  p.  134]  , 

(26)  fix   +  iY)ds  =  0. 

0 


Thus  (25)  is  reduced  to 

P 
(27)   -/V(dx  +  idy)  -(Fx  +  iF„)  =  T  (z)  +  z?»(z)  +  :r'(z). 

Pi  ^ 

1.4.   Method  of  Attack. 

In  the  solution  of  the  problem  of  a  limaqon  rotating 
about  its  centroid  with  constant  angular  velocity,  we  shall 
consider  it  fixed  in  the  plane  and  the  forces  due  to  rota- 
tion will  be  considered  as  body  forces.   These  will  be  con- 
sidered as  two  separate  cases  so  that  the  final  result  will 
be  the  sum  of  the  solutions  for  each  case.  Case  I  will 
deal  with  the  body  force  acting  in  the  y-direction  and  Case 
II  with  the  body  force  acting  in  the  x-direction.   The 
boundary  will  be  free  from  external  forces  and  hence  we 
shall  use  equation  (27). 

As  a  preliminary  example  we  shall  first  apply  this 
method  to  the  problem  of  a  rotating  disk  which  has  been 
solved  by  other  methods. 

Consider  a  circular  disk  of  radius  b  having  a  con- 
stant angular  velocity  w  in  its  plane  about  its  center  and 
with  density  p.   If  we  consider  the  body  forces  produced 
by  this  as  R  -  pw^r  in  the  radial  direction,  then  by  fixiig 
the  disk  in  a  certain  position,  its  center  at  the  origin 
of  the  z-plane,  we  have  the  body  forces 

X  "  pu^x 
Y  =  pw-^y 
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Now  the  equation  of  the  circle  is  z^  °>  bo,  vhere 
a   =  e^®.   If  we  construct  the  relation 
(29)  z  =  b  5 

where  5  =  ro,  0  1  r  1  1,  we  have  a  mapping  function  that 
transforms  the  circle  from  the  z>plane  into  the  unit  cir- 
cle on  the  S -plane. 

We  also  note  that  if 

F(S)  =.  f(z),  and  z  =  w(J) 
then 

F»(3)  -  f(z)W(S),  or 

The  parametric  equations  for  the  boundary  of  the  disk 
in  the  z-plane  are 

X  »  bCosO 
^^^^  y  =  bSin© 

1.4.  (a)   CASE  I,  Y  -  pw^y,  X  =•  0.   The  potential  function 
V  must  satisfy 

X  =  -  ^ 

(32) 

Y  •--^, 

;  ^y 

It   is  obvious   that  if 


Vi   =  -  ip<j2y2 


(33)  "12 

we  have  the  body  force  components 

Xj  =  0 

^34)  ^      2 

Yj  «=  pw  y. 
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Now 

(35)  ^^V^  »  -pw2. 

Thus  the  particular  integral  function  F  may  have  the  form 

(36)  ^1  -  ^y^ 

in  order  that  C^)^^^   -  24k  -  -(1  ^VK^i   -  (1  -V)pJ^   by 
equation  (16).  Hence 

(37)  F,  -  ^^^^V>^\ 

Now  by  equation  (27),  we  have 
Ipw2[/y2(dx  +  idy)  -  i(l  -  l^)y3]  -  Y(2)  +  zVl^ 


+  X»(z),  or 
(38)   ,   „r  -  -| 

lpu,2^_  1(1  -:y)y3  +  ify2^^ 

hg?+   i/y^dxj  =  T(z)  +  z?»  (z)  +  X'(z) 


2^ 


Since  this  equation  holds  only  on  the  boundary,  we  substi- 
tute the  parametric  equations  for  the  boundary  of  the  cir- 
cle in  the  left  member  of  (38)  to  get 

i^2ri2i(b3sin3e)  +  /(b2sin2e)(-bSin6d©)J 
(39)   =|«J^  b3(1yiSin30  -  /Sin^ed©) 

=  ^0*2  b^di'Sin^e  -  Cos^e  +  3Cose).  * 


»     All  integrals  and  substitutions  for  Sin°e  and  Cos"^© 
come  from  H.B.  Dwight,  Tables  of  Integrals  and  Other  Mathe- 
matical  Data   (3rd  ed.).  New  YorK,  lyo/. 
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Now  Sine  -  ^(e^®  -  e'^^)   =  ^(o  -  a'h   and 

Cose  -  §(e^  +  e-i®)  -  ^(o  +  o-^).   Substituting  these 

values  Into  expression  ( 39) ,  we  have 

1   2^3  r  i2^  y     -lv3   ^1\3/     -1x3   3      _i1 
gPW  b  }^JJi^ia   -  a   )   -  ^2J  ^^^  +  ^^  ^  +  -^{a  +  c   ^)J 

(40)   -  ^P"^b^  [-(1  +  ^)^^  +  3(3  +  ^)°   +  3(3  -  l^)o~^ 

-(1  -  2^)o-^]  . 
Transforming  the  right  member  of  equation  (38)  from 
the  z-plane  to  the  J -plane,  we  have 


w(3 


(41)    Y(z)  +  zr  (z)  +  x»(z)  -  Y(j')  +  ^f^  rJT)  +  yTU), 

Now  'Jf(5),  Y'Cf),  and  ^'(5)  must  be  analytic  in  and 
on  the  unit  circle.   Hence  they  have  the  form 


Y(S)  =  *  a^S^,  r(S)   =  2  ka^5^-^.  and 
k-1  *"  k-1  ^ 

(42) 

k"l  '^ 
On  the  boundary  of  the  unit  circle,  5  =  e^®  =  a   and 

1)   «  e"*^®  -  o~^.  Thus  equation  (38)  becomes,  from  (40), 
(41),  and  (42), 

^PuV  [-(1  +-u)a^  +   3(3  +-l>)a   +  3(3  -  i;)©""*^ 

-(1  -  1^)0-3] 

-  kil-k<^  -  ^  Jl^^k<^-^  -  Ji^--'^ 

(43)  00      1-      <»-9lr      *-1r 

k=l  ^     k=»l  ^       k=l  *^ 
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Equating  coefficients  in  equation  (43),  we  have  the 
following: 

(44)  ajj  =  0,  k  =  4. 

(45)  ^3  -  '   -^^l^^^^bS 


(46) 


&2   =  0. 


(47)  *1  +  ^1  "    ^^1^6^^  PC/ V. 

(48)  2a2  =  0. 

(49)  Sag  +  Fi  -  ^^iQ^hu^YyS^ 

(50)  4a4  +  b2  -  0- 

(51)  5a _  +  -5,  «=  -  <l   -^>P(j2b3. 

o    J       48 

(52)  (k  +  2)a,j^2  +\  =  0,  k  =  4. 

By  (44)  ajj  -  0,  k  =  4,  and  hence  (52)  shows  that 
bjj  «  0,  k  =  4,  and  (51)  shows  that 

(53)  ^  -  b3  =  -  iI-j^iii^„V. 

By  (45),  ag  is  real  and  hence  ag  =  ag.   Thus  (50)  yields 

(54)  bi  =  bi  =.  ^^ie^^Pu2b3  ^  lLjLJi2p<,2b3  ^  Ipu2b3, 

Equation  (47)  shows  that  Im^aj]  is  arbitrary  and  that 

(55)  Relaj]  -  ^^3^/^P^V. 
Thus  we  shall  let  a.^.   ^  real. 
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We  have  now  found  two  finite  series  for  Case  I: 

(56)  Y 1  (J)  =  13^20^2^3  ^  _    (l^t  y)p^2y,3j3 ^ 

(57)  :^'i(3)  -  ip«2b3j  .  13— ^p^b3/3. 

1.4. (b)   CASE  II,  X  =  p«2x,  Y  -  0.   The  solution  to  Case  II 
is  done  in  exactly  the  same  fashion  as  for  Case  I.   Hence 
we  shall  give  only  the  important  equations. 

(58)  V2  =  -  ipu2x2 

(59)  ^^2  "  -P<^ 

(60)  F2  -  kx-*,   k  -    P^<1   -^> 

(61)  |pu2[/x2(dx  +  idy)    -  XL^  ^3]    „  ^^^^  ^  ^^-..^ 

l'-'[^+l/x2dy] 

=  |p^[|(b3cos30)  +  i/(b2cos20)(bCos0d0)] 

1     2  3r .        3  q  T 

=  ^P«  b   [3/'Cos  0  +  3iSin0   -  iSin  0j 

(62)  =  ^P«2b3[(l  ^  y)a^  +  3(3  ^  ^)^  _  3(3  _  y^^^l 

-a   -  7>)a-3]  . 
4^p«2b3[(i  +  i/)o3  ^.  3(3  +  2^)^  _  3(3   .j^j^-l   .   ^   _v)o-3] 

(63)  "  Ji^k^'^  -^  Ji^^kc^^'"'  +   kfl^^""" 
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.   .    it^         (3  +  -2^)      2  3     (1  H-  V)      2  3  3 

(64)  ^2^^^  =    32   P"  ^  ^  +    48   P"  ^  ^  ' 

/«=\  -Y  .^f\      1   2.3,    (1  -  ?^),  2^3f3 

(65)  ^2 '(J)  =  -  4PU  b  J  -  -^—48 — ^Pw  b  i  . 

1.4. (c)  Final  Results  for  the  Rotating  Disk.  By  the  ad- 
dition of  our  results  from  Cases  I  and  II,  equations  (56) 
plus  (64)  and  (57)  plus  (65),  we  have  the  following: 

T(0  -Y^(J)  +f2^^>  '  ^^le^^PuV; 


(66) 


1'U)  -  ^\a)  +  T2^^^  -  -  %f^«V/^. 


Hence 

^,(1)   =   (3  •«•  ^>p<rf  b   ,  ?"(5)   -  0,   and 
16 
(67) 

From  equation  (30) 

and   thus 

fH(2)    ^  w'(S)F"(I)    .  w«'(J)F'(J)^ 

[w(n]  3 

Hence   from   (66)   and    (67) 

a    ,    Tj\      2   2 
Y'(z)    =  -^'^il — H>«    b    ,  T"(2)   -  0,   and 

8 

V   -  Vj   +   V2   ■=  5Pu2(x2   +    y2). 

(69) 

fl    -  1/^      2      4  4 

F   -  Fj^  +  Fg  =  -^^^23 — ^"    (*     +   y   ). 


16 

Note  that   S^  +  1^  ^  r"(o^  +  a~^)   =  2r"Cos   n0and 

(70)  Xn  .  Jn  =  r^fo"  -  a-^)   =  -2irnsin  n&. 
Now  from  equations    (20)   we  have 

a^  =  ipa,2(x2  ^   y2)   ^    (1   -^)p^2y2 

(71)  =  ipa/2b2r2  +  i(i   -  :^)p^2b2r2sin2^  +    (3  +  ?^)pt^b2 

+    <^   -^)pA2r2cos   2S  =   IV  (-(3  ^  ^^ 
8  8  1- 

-  2(1  +  l/)r2  -   (1   -  3/)r2cos   2  e] . 

^     =   Ir*j2fx2   4.   v2^    +    (1   "  2/)      2^2 
^v2"  +yy+  -^ — 2 — *-ptj  X 


y 

+  1 


1  [2^3^p,2b2)  .  il.^^^2i,2(;2  ^  J2)] 


/^TQ^     1   2.2^2    l._    ^  .   2.2  2„      2^    (3  +  i/)   2^2 
(72)   =  —pu   b  r  +  —(1  -  ^)pcj  b  r  Cos  6  +   -^ — Z.  ^' pu   b 

-  -O^-^-^pwVr^Cos  25=  Ipu^b^  [(3  +  y) 

-  2(1  +  :i>)r^  +  (1  -  7')r^Cos  2«]. 

The  solution  for  a  rotating  disk  done  by  other 
methods  is  given  as  7,  p.  71 


\h   P-  "^ij 
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=  (3  4-2.)   2   2     2 
Or      8   Pu  vo  -  Tj  ; 

„      =  (3  4-  2/^   2h2    (1  +  3Jfi      2^  2 

(74)  °0    ^  8    ''^    ■  ^ ^"   1 

Tre  =  0, 

where  0  =  r,^  b.   The  relationships  between  the  stress 
distribution  in  the  polar  coordinate  system  and  the  stress 
distribution  in  the  rectangular  system  is  as  follows :^^ 

Ox  =    2    "^    2    ^°^  ^  ""  TreSin  26 

'^r  +  *^e   ^'r  -  ^'e 

(75)  Oy  "   2 -  2 ^^^   ^®  "*■  "^le^^^  ^^ 

Op  —  Oq 

Txy  =  2 — ^  '^^"^  2©  +  TjeCos  20 

Replacing  the  r  by  br  in  equation  (74)  so  that  0  =  r  =  1, 
then  by  equations  (75)  we  have 

©x  -  |pu^b^[(3  +  V)   -   2(1  +  J/)r^  -  (1  -7')r^Cos  2e| 

Oy  -  Ipw^b^  [(3  +1^)  -  2(1  +  y)r^   +  (1  -  3/)r^Cos  20] 
xxy  =  -  ll^J^^pyVr^Sin  20 

which  are  exactly  the  forms  found  in  equations  (71) through 
(73). 


^^See  Appendix. 


PART  II 

2.1.   Centroid  of  a  Llmaqon. 

We  shall  make  use  of  the  polar  coordinate  equa- 
tion of  a  llmaqon  in  the  form 

(76)  r  =  2«  +  28COS© 

where  a  >  ^ . 

Since  the  equation  is  symmetric  about  the  polar 
axis,  the  centroid  lies  on  the  axis.   The  distance  that 
the  centroid  lies  to  the  right  of  the  pole  is  given  by 

J  J  rCos  9dA 


(77) 


Jo- 


M    dA 
A 


The  numerator  of   this   equation  is 
7T    2  a  ■t-28Cos    ©  jt 


r^drCos  &de  =  i\(2<'  +   2^Cos  5)^Cos  ©  d© 

=  |[(='^cos  e  +  3'»^^cos^^ 


(78) 


+  sc'e^cos^d  +  e^cos^^)d© 


1(31^  .  2?V)  .  „a(4 


2  2 

•      +   3    ). 
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19 


The  denominator  in  equation  (77)  is 

rf    2<*  ^    2^Cos^  & 
J  J  rdrde  =1  |(2a  +   20Cos  Q^de 


2 

0   o  o 


V 


(79)  =  2j((>2  +   2^pCos   O  +  ^2cos2e)d© 

o 

=  2  p  ir  +  ^)  -   Tr(2  a^  +  p^ . 

Hence 

(80)  h  =    g(4^^  +  P^). 

2°"^   +   ^^ 

We  wish  to  consider  the  limaqon  rotating  in  the 
plane  about  this  point,  (h,0),  where  h  is  given  by  equa- 
tion (80).   Since  we  shall  fix  the  limaqon  in  position 
and  then  make  use  of  body  forces  to  solve  the  problem, 
the  parametric  equations  of  the  limaqon  will  be 

X  =  2o'Cos  &    +  20Cos^e  -  h 

(81) 

y  =  2*Sin  ©  +  2pSin6'  Cos  ©. 

2.2.   Slapping  Function, 

In  mapping  the  lima(;on  from  the  z-plane  to  a  unit 

circle  on  the  5 -plane,  we  shall  consider  the  mapping 

given  by 

(82)        Cos  e  =  l(cr  +  a"-^)  and  Sin  9  -  -L<  «t  -  <y"^) 
2  21 

where  <r  =  e^  . 


20 


Thus,    from    (81)   and    (82)   we  have 

Zg  -  2o«Cos  e   +   2^Cos2©  -  h  +   2iaSin  «  +   2i0Sin  6  Cos  e 

(83)  °"    '^^'^  +  <^~^)   +     |(<y  +  CT-1)2  _  h  +  ^(ff  -  cT-l) 

+  ^(o-  -  o— l)(a  +  <T~1)  =  3ff2  ^  2o<r  +  ^  _  h. 

Now  this  equation  (83)  maps  the  boundary  of  the  limaqon 
with  parametric  equations  (81)  into  a  unit  circle  on 
the  5 -plane  where  |  ffl  =  1.   Since  we  shall  be  dealing 
with  the  interior  of  the  liraaqon,  the  mapping  function 
will  be 

(84)  z  =  ^5^  +  2'*/  +  m 

where  m  =  O  -  h  -  &  -  i^^^lh^   »  -2.2p 


2«2  ^  p2    2<*2  +  ^2' 

If  z  ■=»  w(j)  has  branch  points,  they  can  be  found 
by  solving  w'(J)  =0  jS,  p.  135  ,   since 

(85)  w»(J)  =  2^S  +  2<*, 

w»(J)  =  0  implies  that  S  "  -  ^.      But  «*  >  6  ,  and  thus 

p 

-  J  <  -1  so  that  it  is  outside  of  the  unit  circle.  Also 

^  f    °^\       ^       2<^2     2°'2e       ai2 

^(r  6-;°  e  -  V-  2J  /p2  °  -1-+  P  -  h 

(86)  =  -  ^^^-^  - »»  —  -^^-r^(-  -  ^)  -  h 

»=  -(I  +  l)(<.  -  ^)  -  h. 
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Since  (86)  is  a  point  on  the  negative  real  axis 
in  the  z-plane,  the  corresponding  point  of  the  limaqon  is 

w(-l)  -  ^  -2c 1^-^  «p_2c*+p-h 

2«^  +  p  ^ 
(87) 

2(a  -  3)  -  h. 

But  rt  >  p,  so  that^  +  1  >  2.   Thus 

(88)  -(|-  +  1)(«  -  p)  -  h  <  -2(<^  -  0)  -  h 

and  hence  the  branch  point  is  also  outside  of  the  limaqon. 
Thus  there  are  no  branch  cuts  inside  either  the  limaqon 
or  the  unit  circle. 

2.3.   CASE  I,  Y  =  p«^y,  X  -  0. 

As  was  the  case  for  a  circle  (as  done  in  Part  I) 
we  shall  consider  the  two  cases  of  body  forces  for  the 
limaqon.   Thus  we  make  use  of  the  results  of  the  first 
part  of  Case  I,  page  11,  for  the  circle  to  get  the  Vj 
and  F^  functions.   By  equations  (33)  and  (37),  we  have 

(89)  Vi  -  -  |..V,   Fj  -  ^"'tl^-^V. 

Making  use  of  equation  (38)  is  the  starting  point  for 
the  work  with  the  limaqon. 

(90)  f^[i^  +J  y2dx]  =■  4'(z)  +  z-f^z)  +  a:»(z). 
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(91) 


Since  equations  (81)  give  the  form  of  x  and  y, 
^[8Sin^e(a  +  pCos  ©)^]  =  3^[8«^Sin^© 


ivy3 
3 


+  240^0003  ©  Sin^e  +  24o'^^Cos^©  Sin^0 


^Cos^e  Sin^e] 


iz 

3 


-j-(a    -  (T       )       -  — T-^(a    -  ff       )     (<T   +  ff       ) 


3ap2'  -1^3-  -1.2        03  -L3,  -IvSl 

_:^(or   _  a    ^)    (CT  +  a       )      -  _(o^.o-^-'(ff  +  o     )  J 

y63   6        yd^gg   5       ya_2p    4      yc,4^2        3fi2.    3 


^M(8.2  ^   p2j^2  ^  3^^2,2  ^  ^2^^ 


2v    -2 


-  ^(2^2  +    g2)a-^   -  ^(8«2  +  e-V 

+  ^(4-2   _  3p2j^-3   ^  2i^^-4   ^  ^,-5 

+      24    *^  • 

From   (81),    x  =  2o^Cos  &  +  2^Cos2e  -  h,    thus 

(92)  dx  =    (-2c»Sin  6    -  4^Cos  &    Sin  e)d«. 
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Hence,    from    (90) 

Jy^dx  =  |4Sii^0(c*  +eCos  9)2  (-2aSin  &   -  4(SCos  ©  Sin  ©)de 

=   -sUo'  +   BCo3   e)2  (a    +    2|3Cos   e)S±x^0d& 
=  -8[(a^Sin^e  +  4»^esin^e  Cose 

+    5a62sin3  e  Cos2©  +   2p3sin3e  Cos3a)d0 

+  L-Sin'^e  Cos2©  +  r_Sin^9) 
3  6  / 

-   8a(«2    +  p2)Cos  e    -  ^(cx2    +  &2)Cos30 

4  fi  9  9  4  9  4 

"  T"^  ■*"  ^    >Sin  e  -  8oP   Sin  0  Cose 

-^5in'*9  Cos2e 
3 

_  A(6a2  +  e2)(^  _  ^-1)4   .^(^   .  a-l)4(<y    +  c"^) 
12  ^ 

24 


J4  4  2 

£.n««2        oft2»    2        a^^   2        ca2 


e_  6        oigi^        ^  4         c«         2        cd2.    3 
"   24^      '      4    "^   '      2    *^     "   12^^        "   ^^    ^'^ 


+  |(16«'^   +   3§^)o'^   +  |(6a^   +    5r)<r 

(93)  _  i(9c2   +   2^2)    ^  ^(6e^2  +    5p2)^-l 

3  2 

+  ^(16a2  +    3p2)a-2    «  _2_(4a2    >   5^2)^-3 
8  12 

^^-4        all     5        g3^.6 

"2  "4  "24 


24 


Thus  the  left  hand  side  of  (90)  becomes,  by  (91)  and  (93) 

lou)2|_  (1  +  >)g3^6  _  (1  +  :^)c*e2  5  _  (1  +  2^).a2g  4 
2    t     24  4       *^       2 

-  ^[4(1  +  2/)«2  -  (5  +  32/)^2j^3  ^  I  [8(2  +  V)o(2 
+  (3  +  7^)p2]o2  ^  |[2(3  +  T/)c(2  +  (5  +  y)^^<T 

(94)   -  |(9<^2  +  2^2)  ^  ||2(3  _  ^y^2   +  (5  _  i^)^2j^-l 
+  I  [8(2  -  3^)a2  +  (3  -  7/),s2]c-2  _  ^[4(1  -3')<^2 

-  (5  -  3^)^  2]  ^-3  _  (1  -  2/)o2p^^  _  (1  -  7^>c.g2^_5 

(1  -  7^)g^  -el 

24     ^  j- 

2.3. (a)  Determination  of  ^,(J).   We  are  working  in  the 
S -plane  so  that  (90)  has  the  form 


(95) 


l^-H^^i^S  =  '^l^^>^^^l'(^>^^l*<^)- 


Since  we  are  inside  and  on  the  boundary  of  the  unit  cir- 
cle, the  functions  4'i(^)  ^^'^    ^-xi^)   must  be  analytic  about 
the  origin  and  hence  we  shall  let 

(96)  f^d)  =  I  a.S^,   71  »(n  =  ,^,V  • 

Thus 

"■'  t  1 

(97)  '^'iMO  -  I  kaJ    • 

k-l  '*' 
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On  the  boundary  of  the  unit  circle,  J  =  e^  ==  ^ ,   and 

Thus  the  right  hand  side  of  (95)  is 

(98)    i   i  a-k  ^  (e<.-2    2^^1  ^  ^)^  ka^<^^-l  +  1  b-<:^^, 
k=.l  k  2eff  +  2o.     k=l  ^  k=l^ 

where  wd)  is  given  by  (83) 

-  \-^)     +    ..»   which  is  a  convergent  series  since  ^  *^  1 

and  \cr\    =■  1.   Thus  by  Cauchy's  Method  of  Multiplication 
of  Two  Series 


Ts,  p.  208J 


(®9>       2,.  I   2a  J.^k-""""  -  ^^IA'^'"'^ 


where 

(100)  Dj,  ==  _^I^ja  .  (-  D 


CD 


i.e.,   Z  Dj^'^    =  a^  +  2a2°"  +  3&^<^      +  ^a^'^^  +    .. 

5r*i    a^2     0**3 


-(i)V-.... 
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Hence    (98)   can  be  written  as 

?    -         -k  1.-2             „         -1                 X     ^   r^        k-1  T    V,    ^ 

I  SL^cr       +  ^(gcT  +    2  «o-       +   m)   X  DjjCT  +     2.   bij<= 

k=l                                                             k=l  k=l 


r  _      -k        e     r  k-3         ^         k-2        ^    ^  „     k-1 

(101)    =J,»u^     ^lr,^,»^'      ^,!,V      ^f^l^' 


f         k 
k=l 


Now  writing  the  conjugate  of  (94),  we  have 

leu,2L    (1   -^)B3   6   _    (1   ~  V)^^2;5   .    (1   -2/)c.2.§/ 
2/24  4  2 


12 


.[4(1   -  >)oi2   -(5   -  3y)p2]cr3   +  |[8(2   ^  VU^ 
+    (3   -.2/)p2]«.2  ^  ^J2(3   _  ^)^2 
(102)      +    (5   -  2^)^2]o•    -  |(9a2   +   2p2)    +  |[2(3   +  7^)02 

+    (5  +  >)fj2]  c^l   +  |r8(2  +  ;;)«2  +    (3  +  v)p2]  ,,-2 
.  ^[4(1  ^  >).2   .   (5  ..   3V)p2]  ..3   .  ll^_lOoi0.-4 

_  (1  -t^  »ote2^-5  ^  (1  -h  2/)e3    a) 

4  24  J- 

Equating  coefficients  from  (102)  and  (101)  that 
do  not  involve  the  bjj's  from  (101),  we  have  the  follow- 
ing set  of  equations: 
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(103)  A.D^  ^  D2  *  ^D^  -  -  ^(9.2  +  2?2). 

2 

(104)  a^  +  ^2  +  Di  =  ^X^[2(3  +  2/)..2  ^  ^^  ^  ^^^2] 

(105)  ag  +  I^Dj  =  ^[8(2  +  i.)^^  +  (3  +  j.)p2j 

(106)  33  =  -  -^  ^(1  +  y)o^   -  (5  +  32/)p2j  . 


(107)  a^  =  -  ie<o2(i  +  7,)a% 

(108)  ag  =  -  |p^^(l  +  »o>P^. 

(109)  ag  =  -  ^Pt^^d  +  :Z')i3^. 


(110)  a.  -  0.  k  ^  7. 


We  can  see  from  equations  (106)  through  (110) 

that,  for  k  ^  3,  the  aj^'s  are  real.  Now  since  Dj  =  a^, 

B 
and  D2  =  2a2  -  51*1,  we  have,  from  (104), 

+  (5  +  1^)0^]  ,  or 

lec^pag  +  8(2»^  -  P^)aj  +  16«^aj^  =■  4P'^^='^[2(3  +  l^)^^ 
(111) 

+  (5  +  2/)B^]. 

Also    (105)   becomes 

^2  +  ^ai       =  ^-7i^[8<2  +  ^)o^  +    (3  +  x/)0^]  ,    or 

^112)  2  22r  2  21 

16«0a2  +   83   ai   =  P'^  °^^     [8(2  +  2/)a      +  (3  +   i;)|3  J  . 
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Subtracting  (112)  from  (111),  we  have 

+  4(1  -  2v)c^H^   -  (3  +  :i/)^4]  ,  or 

3^  +  3^^=  7771 27 L^^^  "^  ^^"^  "^  '^^^  '  sj')*^^" 


8(2«^  -  3^) 

-  (3  +  2/)^^]. 


D3   =  333   -  2|a2  +(|)  aj  and  by    (106) 

2 

as  =  -  ^1^^  ^(1  +  v)c^^  -   (5  +  3:iOs2] 


Thus    (103)   becomes 


16 


[4(1   ^   2.)a2    .    (5   +    3.^)3']    -   (1:)%  H-   KD'ai 


2 

+   2*2   -  |ai  >  ^1   =  -  ^(9-^  +   2e^,    or 

2a(2a'^   -   ^^^2  ^L"'    ("*  "   2^^    "^^   J^i 


p^2^3, 


|-^[l2(5   -  l^)a2  +    (31   +   67/)p2]  . 


24 

— 2a^B 

By    (84),   m  =  — 5 — ^^,   and   thus    (114)   becomes 
2a'^  +   e^ 

2«(2a2   _    ^2)         _        -  ^       -(6a^   -    ^^)a, 
(115)  ^   "^ 


24 


pL2(5   -  1^)0^   +    (31   +   6>)P^]. 
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From   (105)   we  have 


(116) 


8(2a2   +  p2) 


Adding    (115)   and    (116), 


,.[<,„2.,2,^^^^^i^_j 


(117)  =  Il68(l   +  ^/)c^      -  2(34   -   92^)o.^3^ 

24(2»2   ^    g2) 

-    (79  +   302^)a^e^   -  3(3   +   y)^^\. 
Let   Im(a2l    =  k^.      By    (117),   we  have 

(2.2   .   ,2  _  6^1-4.2   .  0,    or  --2^2   -   0- 

^        2^2  ^    ^2   ^  2oi2  +    &2   2 

Hence  a-  =  ag  and  by    (117) 

2 

a      =  PiiLj |l68(l   +    2J)'>^   -   2(34   -   9l')«'*62 

(118)  96(5.4.^4)'- 

-    (79  +   30>)a23^   -  3(3   +  ^)/3^] . 
Since  a2   is  real,    then  by    (116),    a      is  also  real,   so 

by    (113) 

P  Cci  2  j^  r  A  2    2 

[8(3   +  1^)0*  +   4(1    -  3T;)^'^e^ 


a_    = 


(119)         '        16(2.2., 2, 


-  (3  +  v)e^]. 
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Thus  the  function  "fTi  (5)  is  known  from  equations 
(119),  (118),  (106),  (107),  (108),  (109),  and  (110). 


k 


6 

(120)  y-,(l)  -  I  a^ 

k=l 

where  the  a.  *s  are  given  by  the  above  mentioned  equations. 

Also 

6 

(121)  Y/(i)  -  £  ^J  ' 

^  k=l  ^ 

2.3. (b)  Determination  of  ^j»(j).   From  (90)  we  have 

x?TJy  =  J^-^(^  +  jy^dx)  -  <fi(;)  -  ^^ij^^Tn.  or 

(122)  wMO  V^O    =  ^Pu>^w'(o-)(i^  +  |y2dx) 


-  W(cT)'i'^(<x)    -  w(a)4^^»(o-). 

At  this  point,  all  jmrts  of  (122)  are  known  except  for 
7  *(<^).   w»(c3-)  =  2(0<5~^  +  a)  by  (85).   Thus  the  left 
hand  side  of  (122)  is 

(123)   2(pa-^  +  «)  I  K'^"'^  =  2p  ?  b,ar-^-l  ^  go,  f  b.<r-k. 
k=l  ^        k-1  ^  k-1  ^ 

By  (94),  |pa;^w«(^)(^^  +  jy^dx) 

=  Pco^^^-1  -.  a)L  ll_±_2iMf^6  .  (1  -h  2/)ae2^5 
(24  4 

,  _aj_id)2l?e^4  --^[4(1  ^  ^^)o.2  .  (5  +  31^)a2]a3 
+  I  [8(2  +  y)o^^   +  (3  +  y)^^]c-^  +   I  [2(3  +  a')o(^ 


31 


2 

-2 


+  (5  +  2')fi^]cT    -  |(9a^  +  20^)  +  I  [2(3  -  lf)c 

+  (5  -  7/)e  J<=^""^  +  I  [8(2  -  l>)o^   +  (3  -  2^)^^J<^"' 

-  ^[4(1  -^).2  .  (5  -  3»^^]a-3  .  ll^,^^-4 

.  (1  -   2.)<^e^-5  ^  (1  .  ;.)e3^,6] 
4  24       ^ 

(124)  -  -  e^'f^^  ^J)^^^^  (1  -J'\e.^  .  ,\' 

I  24  24 

+  (1  +  3iOe^J'^^  -  If  [8(5  +  2i')o^  +  (19  +  97/)3^]o-^ 


8 


+  (11  +  3>)e^J  -  J  [6(3  -  2/)c»^  -  3(1  +  i/)a^3^ 


-  4^^]  c-"^  -  ^[b(5  -  27;)«^  +  (23  -  5y)^^]^'^ 

1  r         4  2  2  41-3 

+  ^[8(1  -  l^)a   -  2(29  -  157^)<^  &     -  3(3  -  V)^   J^ 

^  f|[lO(l  -  Z>).2  .  (5  .  3i^)^']--4  -.  3(1  -  ^).2p2^.5 

^  7(1  -  ;.).63   6  .   ^  _^^e4  t) 
^      24        ^     24       J  • 

Since  ^,(J)  is  known  to  be  a  finite  series,  the  re- 
maining terms  on  the  right  hand  side  of  (122)  can  be  writ- 
ten as 
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6    .       2  ^     1  k 

-2(Sj-"^  +  o^)  I  Si.a  -    {^c     +  2o.cr  +  m)  I   ka.o"    ,  or 
k=l  ^  k=l 

^    k-1   „„  I  _   k   „  2  ,.„  ^3-k 


(125)   -20J  aj,^    -  2a  I  aj^.  -  P  J^^V 

k=l  k=l        K=l 

^     2-k  ^     1-k 

-  2oi  £  ka,  <r^  ^  _  m  I  ka,  «r 

k=l  ^  k=l  ^ 


Where  the  aj^'s  are  given  by  (119),  (118),  (106),  (107), 

(108),  and  (109). 

Equating  the  coefficients   from   (123),    (124),    and 

(125)    that  involve  only   the  bj^'s»    we  have   the   follo\ying 

equations : 

2obi    =  ^[6(3    -  7/)o^4    -  3(1   +  >)a2p2   .   4^4j 

(126) 

-  4pa^   -  6o<ao   -  2ma2  • 

2 

2^\   +    2ab2   =  -^^^^[8(5   -   22^)c^2   ^    (23   -   5>)/s2] 

(127) 

-  5^35  -  Soa^   -  3nia3. 

2 
2pb2   +   20(^3   =   -  T7-[8(l    -  '^>^   -   2(29   -   15>)a2p2 

(128) 


-  3(3   -  i')c^4]    -  e^a-  -  lOCTBg  -  4ma,. 


2 


2pb3   +    2c.b4   =   -  -^^[lOd    -   2/)«2    -    (5   -   32.)02J 


12 
(129) 


-  12«iag  -  Smag. 


(130)    2eb4  ^  2=.b5  =  -  a^'-'^n  -  »°^«^  .  smae. 
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(131)  2^b5   +    2.hQ   =    -   7Pa.    (1    -  ^)-^''. 

(132)  2pb6  +   2cb7   =   -  fi±L_lL^I_2M_ . 

(133)  2pbjj_i  +   2c«bij  -   0,    k  ^   8, 

By    (126),    (107),    (106),    and    (118),    wo   have 


,2 

'1  °  "IF 


bi    =  ^  ^(3    -  7>)a^    -   3(1    +    i^)*^B^    -   4s^] 


(134) 


+   ^eJa   +  2>)«^2   +    Pf^  [4(1   +  l>)c.2    _    (5   +    31^)^^] 

-  fifi££ig_=JbLl__  [168(1   +  7^)a6    -   2(34   -   92^)^*4(52 
96c^(5o.4   ^   g4)  L 

-  (79  +   302^)«2s4    _   3(3   +    V)fi^] 

=*  ^ —  {960a8   _   12(29  +    19:^)«®^2 

96cv(5^4   _  ^4)  j 

-  2(142   +   9:^)«4p4   ^    (j^3^5  ^   42i;)c>2g6 

+    (41   +   3iJ)^^   +   ^h[l68(l   +  ;/)a®   -   2(34   -   QV^^?^ 

-  (79  +   30i/)^2p4   _  3(3   +v)B^]f  . 

J 

Hence  b-,  ==  b,  as  it  is  real.   Since  all  of  the 
b.  's  depend  upon  h-^,   all  bj^'s  are  real.   Because  of  the 
length  of  each  of  the  b,  's,  only  the  final  results  will 
be  written. 
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P   UJ 


8. 


6.3 


bg  =  2 (^^4 I^p0(7  +  2^)<^  a   +   6(173  +   23»<^  )9 

-  2(38  +   31^)0^^^^  _    (253   +   24^)«^0^   -    (41   +   32^)(3^ 

(135)  8  6,2 

-  h[l20(l   +  V)a      +   6(3   +    131^)c^    3 

-  2(46  +   3l>)4^8'*  _    (49  +    127^)^^^^  -  3(3   +  1^)0  jL 


_pcj2 


3        96o(3(5ca4  _  e4) 


in  8  2 

0(1    -  2/)^        -  40(7  +   32/)rt    0 


+   22(41   +   72/)o»^^^  +   2(74  +   21V)<^^B^ 


(229  +   24>)c^^e^  -    (41   +   3»i?^® 


(136) 


6.2 


+  Oh  [l20(l  +  -^')c^^  -  6(3  +   13V)a^3 
+    2(22   -   21»a^e^  +    (49   +    12-2/)o(^/3® 


+   3(3   +  i^)0 


n- 


10 


8^,2 


=  ^^-^^ r-i'120(l   -  U)^^^-  30(1   +  V)^°B 

^  4        4  4     / 

96c^^(5(^     -    9  )  ^ 


(137) 


-  6(157  +   19i^)=»^e'*  -  2(43  +   62^)<^^s6 
+    (229  +   24i^)cA2|s8  +    (41   +   33;)/SlO 

+  iSh[30(l   +  V)^^  +   6(3   +   13:^)^6^2 

-  2(37   -   ena^s"^   -    (49  +    127')i>2fi6 

-  3(3  +  l;)(S8jj. 


"'='^'^6 


35 
2^2 


.10    .    c/irn     .    otiij\^6a4 


be   -  ^        . r"l60(l   -  ly)^^"  +   6(151   +   252^)t^*'0- 

^        96■^5(5^4   -  P^)  C 

+   2(46  +   92^)o(4^6   _    (229  +   24V)^^6^ 
(138)  -    (41   +   37/)elO   -  e2h[6(3   +    137/)«6 

-   2(34   -   Oi')^'*^^   _    (49  ^    i27/)a2e4 


-   3(3   +   >)9  6]  /. 


(139) 


p.  i2«3  10  6   4 

bg  =  '  \  :r-^10(l   -  -^^        -  4(230  +   31>)^   P 

96c^6(5os4   _   $^)  ( 

-  2(46  +   92/)o'*3^  +    (229  +   24  J^^^^^ 

10  3     r  6 

+    (41  +   3»5        +  ^  h  [6(3  +   13»^ 

-  2(34   -   9iv)^'^^^  -    (49  +    122.)cK^6^ 


-   3(3   +    2>)i 


>«]?. 


p  2«7  ^ 

b^  =  Z        A 2~^®^^^  +   71.)^6^  +   2(46  +   9PU^p^ 

96<>   (5a      -   e^)  ^ 

-  (229   +   241')'^^!?^    -    (41   +    33^)^^ 

<^^°>  r  6  4    2 

-  h[6(3   +    l3P)c^'°   -   2(34   -   Qv)<^^^^ 

-  (49  +    12>)c^2e^   -   3(3   +V)0®](. 

By    (133) 
(141)  bj^  =   >  ibj^,,.    k  ^   8. 


36 


Thus 

(142)  Ji'U)    -    I   V""-^  W^^  I    (-  Uf-^. 
k=l  k"l 


Now 
k 


X  (-  ^j    "     is  an  infinite  geometric  series  with 
ratio  of  -  ^.   But  ca  >  &   and  thus  I-  4^  I  <  1  so  that 


the  series  converges.   Hence 


f  (    ^)^-^   =    1    ^   ^ 


(143) 

k 


Therefore, 

'^     k    cV^ 


(144) 


■«■         k=l         o  +  Pj 


where  the  bj^'s  are  given  by  (134)  through  (140) 
2.4.   CASE  II,  X  =  ?uj^x,    Y  =  0. 

As  was  done  in  Case  I,  we  make  use  of  the  results 
for  the  circle  in  Part  I  for  Case  II.   From  equations 
(58)  and  (60)  we  have 

(145)       V,  -  -  leA^.  P^  .  -%Ji=*. 

Making  use  of  equation  (61)  is  new  the  starting  point  for 
Case  II  for  work  with  the  limaqon. 

,3 


i^j 


(146) 

+  X 


jx2(dx  H-  idy)  .  <^  3  ^>x^]  =  |p-2^^ 

i[x2dy]  =  V(z)  +  zf  (z)  +  l'(z). 
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(147) 


Since  equations  (8i)  give  the  form  for  x  and  y, 

3  2      3 

2^  =  J^(2aCos  e   +  2pCos  ©  -  h) 

13        6  2        5  2  4 

8,-9  Cos  e   +   24"^   Cos  e   +   12^(2<?»   -  gh)Cos   e 

+   8os(c7i^  _  3(jh)Cos^©   -  6h(2c^^  -  ^h)Cos^© 

+   6«  h^Cos  e    -  h  J 

2  / 1  \  -14 


•6  /IN  -1    o 

+    8c^(«       -   3pfh)f  "IJCcr  +    o-     ) 

2  /1\  -1.2 

-  6h(2«      -  ^h)(^|)(cr  +    o-    ) 

+   6o(h    (DC^  +    o"   )    -  h   J 

:i7  fa^  6         3      2    5         3  2  2  4 

sjV  +  r^^  + 19(2«  +  p  -^h)o- 

1  2  2  3        3  r-       2  3 

+  ^«(4o     +   153      -   12ph)cr      +  -glie**  p+   53 

2  2  1     2         Sar     2  ^2 

-  4h(2a      +    20      -   ah)Ja-      +  ^[2«      +    5P 

~l  1  r       2^  3  2 

-  2h(30    -  h)J  0-+  •|Ll8«»  ^    +   5|3     -  h(12^^ 

+  9e^  -  6ph  +  2h^)]  +  ^[20^^  +  5^^ 

-  2h(3i5   -  h)]  cT--^   +  |[l6a^2(3   +   50^   -  A\i{2o?' 

+   2^^    -  ^hj|cr-2      ^  a^(4o2   ^   15^2    _   i2^h)<T-^ 
J  4 

+  ^(3(2«2   +  ^2  _  ^h)a-^    +  ^2^02^-5   ^  £_^-6 
4  4  8 
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Also 


ifx^dy  =  ir(2o<Cos  O  +   2/9Cos2e  -  h)2(2c<Cos  e 
+  4^Cos2e  -  2/S)de 
»   2l|  [8^3^0369  +   2Oo(02cos5e  +   4^(4c»2 

-  ^2   _  2ah)Cos'*©  +   4a(a»2   _  20^ 

-  30h)Cos^©    -   2(2<A2e    +   2a2h   -   2|32h 

-  eh^)Cos^e  +  rth(4^  +   h)Cos  ©  -   eh^]  d  d 


(148) 


2i[^e    ,lM^sin2e^2|lsin4e 


„— Sin  26  +  ^ 
8  <* 

?3  „,„«2  o=,^2 


^  |-Sin  60  +  ^Y^sin  9   +  ^Sin  3e 

0 

+  -2|-Sin   5©  +  ^(40,2   -  ^2   _  20h)  © 

+    ^(40(2    .  32    _   2j9h)Sin   2e  +  |(4^2    «  fi2 

8 

-  2ph)Sin  49+   3o\(a2   -  25^   _  2^h)Sin  6 


+  a(o(2    -  2^2   -  3ah)Sin  30  -    (2a2^ 

+   2«2h   _  2|92h   -  gh2)e  -  l(2o^2^    +   2c\2h    -   2^2h 

-  ph2)Sin   29+  ah (40  +   h)Sin  e   -^h2© 

2i  iS-Sin  6©  +  2L&_Sin  5©  +  -f  (2o<2   +  ^2 

^24  4  4 

-  /:5h)Sin  48  +  ^(-^2   +   17^2   .   i2/eh)Sin  39 

+  |[24cA2e   +  75^    -  4h(2c;<2   ^   2^2    _  ^jjjj  gin  2e 


3D 


+  ^feok^  +  133^   -  2h(5p  -  h)|  Sin  © 
(148)                 2l-  J 

Contd.  „     o     o     9   ^ 

+  (4o»^3  +  0-*  ..  2a'^h  -  e  h)e  . 


But  h  =  ^  °^o  ^  ^o  and  hence  the  coefficient  of  ©  in 
expression  (148)  reduces  to 

2^2  +  ^2        2c<2  +  ^2 
^'""^   =  f^(4o2  ,  p2j  _  ^(4.2,,  2^^2.2,  32)  „  ^ 

2<»2  +  P^ 

Also  note  that  Sin  N9  =  ^(^^  "  ^^-N) .   Thus  expression 
(148)  reduces  to  the  form 

|^(cr6   .  ^-6)    ^   «|!(^5   .   ^-5)    ^  |(2.2  ^  ^2 

-  ^h)(^^  -  cr*^)   +  ^(4«^  +   17-^2   -  12(Sh)(o^   -  cr"^) 

(150) 

+  |[24rt23    ^  7^3   _  4h(2o\2  +   26^   -  eh)]  (c^   -   j-"^) 

+  |[6o^2  +   13^2   -  2h(5|5  -  h)]  (0-  -  cr"^). 

Thus  by  adding  the  coefficients   of   the  <r«s   from 
(147)   and    (150)   we  have,    as   the   left  hand  side  of    (146): 

£f^[(l    4-    ^)g^/  +   -O-^JZi^^S         0+2^(20.2 

2     [       24  4  4 

A  fj  9 

+   ^2   _  3jj)^^   +  ^^(1   +  2J)a     +    (17   +   15:2^)^ 

(151)  13        1  2  3 

-  12(1  +  »^hj  a-     +  |[8(3  +   2y)o  ^   +    (7  +   5»,i^ 

-  4(1  +  >)h(2c^^  +   2^^   -   ^h)]  cr     +  |[2(3  +  3^)0. 
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(151) 
Contd 


+  (13  +  52^)0^  -  2hK5  +  32/)/?  -  (1  +  2/)h)lcr 

+  |[l8c*^p  +  5e^  -  h(12«A^  +  9^^  -  6^h  +  2h^)] 

-  ||2(3  -z^)u(^  +  (13  -  5i^^^  -  2h((5  -  32/)^ 

-  (1  -  J/)h)J  cr-1  -  i[8(3  -  2zOo.^^  +  (7  -  52^)^^ 

-  4  (1  -  2^)h(2«2  ^  2p2  ^  ^i^)J  ^2  __  a  [4(1  _  ;j,)^: 

+  (17  -  152^)(9^  -  12(1  -  J')/Sh]  cr~^ 

»  (1  -;  ^)^(2c.2  +  ^2  _    j^-4  _  (1  -  2.)oe2^-5 

_  (1  ~  ^)a^.-6? 

24    "^  J 

2.4.  (a)  Determination  of  fg^'J^^*   ^^®  shall  make  use  of 
part  of  Section  2.3. (a),  namely  that  the  conjugate  of 

expression  (151)  is  equal  to  the  expression  (101).   (Note 

'±9  -1  ^ 

that  cr  =  e    =  <r  . )  Thus  we  have  that 


1^2 


(152) 


f^J   (1  -  l/)g^  6    (1  -   ;zy):^g2  5 
2  r     24    ^  "     4 

-  ^^-~^^(2<x2+  g2  .  gh).-^  -  :feB^i  -  ^)' 

+  (17  -  151^)3^   -  12(1  -  :2/)^h]o-^  -  I  [8(3  -  2j/)a^3 
+  (7  -  5^)£i^  -  4(1  -  2/)h(2a2  ^  g^^  ^  ^h)]  cr^ 

-  f  |2(3  -  ^)a2  +  (13  -  52/)^2  _  2h  ((5  -  32^)^ 

-  (1  -  2^)hM  a-  +  >'[l8c^2^  ^  5^3  _  h(12a^  +  9^^ 
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2  2 

2(3  +  2/)oi   +  (13  +  bZ)^ 


-  6^h  +  2h2)]  +  I 

-  2h((5  +  32/)^  -  (1  +  2/)h)UT'  +  I  [8(3  +  2^)c*  & 

+  (7  +  52.)^^  -  4(1  +  2/)h(2«  +  2e  -  3h)]  c^" 

(152)  r         2  2  1-3 

Contd.     +  ^b^l  +  -^^   +  (^"^  "^  15»^   -  12(1  +  2v)^hJ  cr 

4  4 

24       j 
t2  -  -k    (9  5?    k-3    ^  ^  k-2 
k=l         k=l        k=l 


k       fl  k-j 
where  D^  =  £  ja^  -  ^    and  m  =  5  -  h. 

Equating  the  coefficients  from  both  sides  of 

(152)  that  do  not  involve  the  bj^'s,  we  have  the  follow- 
ing set  of  equations: 

e  m     Pa?2/r   2      3       2     2 

^D3  +  D2  +  ^Dl  -  ^[18<^  ^  +  Se  -  h(12o.  +  96 

(153)  2  n 

-  efih  +  2h  )J  . 

2  r  ..     .  2    .__    _„.  2 


a 
(154) 


1  +  ^2   +  Dj  =  ^^^[2(3  +  1J)0^   +    (13  +  53/)^ 
-  2h((5  +  3^)8    -  (1  +  2^)h^ 
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^2   +   ^°1    °  "^[^(^   +    22>)a/?    +    (7  +    5i^)/S 

(155)  2  2  1 

-  4(1   +i/)h(2«      +   2e     -  <Jh)J  . 

o 

(156)  a3   =.  -^^[4(1  +  V)<^  +    (17  +   152')^^   -  12(1  +  J^)^h]  . 

(157)  a4  -  'jIsXJUO^(2c?  +  ^^   ^^^^ 

(158)  I.  =   Po^^l  H-;^)<>B^ 

^  8 

(159)  ag  =  P'^^l  ;^  ^>^^ 

48 

(160)  ajj  =  0,    k  ^  7. 

We  can  see   from  equations    (156) through    (160)    that, 
for  k  =  3,   ajj  is  real.     Now  since  D^  ■=  a^  and  D2  =  2a2 


+  -^xt   we  have,    from    (154), 


—        e  e^  Pu) 


-2(3   +  2^)(^'' 


+    (13  +   52/)/S^   -  2h((5  +   3V)0    -    (1  +   3/)h)j,   or 

2  2  ?  2    3  r  2 

16<*Pa2  +   8i2a      -  ^    )a^   +   16o»%^   -  4Pa;  a      2(3   +  y)0< 


(161) 


+    (13  +   5i/),§2  _  2h((5  +32/)^  -    (1  +  2/)h)|   . 
Also    (155)   can  be  written  as 

^2  +  ^ai    =  -^f  [8(3  +   2200(2^  +    (7  +   520^3 

-   4(1   +  2>)h(2«2  +   2^2   _  ^j^^^   ^j. 
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16^pa2  +  Sfi^si^   =  Pw^ot^  [8(3  +  2/v)rt^p  +  (7  +  5J/)(ff^ 

(162)  2     2-1 

-  4(1  +  2^)h(2a  +  2^^^   -  0h)J  . 

Subtracting  (162)  from  (161),  we  have 

8(2a2   _   p2)a^   +   8(2<»^^   -   ^^^^2   "    ^*^'^/8(3   +  2^)ot'* 

+   4(7  +  2/)o(202   _    (7  +   5^0/5^   -  4h[4(2  +  >)a2p 

-  2(1  +  2^)a^   -  2(1  +  2/)o|2h  +    (1  +i)/92ij]/^    or 

a,    +  ^,    = Piii?«_^|8(3  +  Z/)o<^  +  4(7  +   2/)c^^^^ 

^  1        8(2o^2   >   ^2)  1^ 

-  (7  +   5^)8^   -  4h[4(2  +2/)o(^/?-  2(1  +  J^)0^ 

(163)  ■) 

-  2(1   +  iy)a\  +    (1   +  3/)^^h]  j. 

Now  D3  =•  3a3  -  ^r^2  +^  *1  *^^  ^y    (l^^) 


^3        ~1ZT- 


2  2 

^(1   +  2^)o(      +    (17   +   15P)3      -   12(1   +  2^)^h]  . 


Thus    (153)   becomes 

P";2a  r,,,     .    „x_2    .     /,^    .     ,cnj.fl2 


16 


i[4(l   +  2^)a2  +    (17   +   15^^^   -   12(1   +  i;)/9h] 


-  iLa  +  -4^1  +  2a2  -  ^1  +  -aa,    =  .£il^fiL8^2^ 
°t2   2        2or  *=^  2cx  1  12     L 

+   5(3^   -  h(12<^^  +  90^   -  6^h  +   2h^)]  ,    or 
2o^(2<^      -    |3  Jag^    [o    (m  -   2p)   +    0    Ja^ 
(164)     -   -  -^^—(12(1   -  5}^)o(2^  +    (51  +   25J^)/3^ 

+   4h  [123^0(2  .   9^2  _   g^^j^  ^   g^/h^J  (. 
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Since  m  =  |3   -  h,    (164)    becomes 

2^^6(2^2   ^  ^^)a^   -t^(^  +   h)    -   6^]^a^ 
(165)      =   -   '''^g^    ^12(1    -   52)0.2^+    (51   +   252/)^3 
+   4h[l21^<*2    -   9^2   _   eV0h  +   22^1x^11. 


From   (155) ,    we   have 

2c<[cx2(p   +   h)   -3^]a2  +    [«^<(S  +   h)    -  P^]  pa^ 


(166)  3 


^^^^-^[«^(^   +   h)    -    g^]  18(3  +   22')«^^  +    (7  +   53/)3^ 


2        _    2 


-  4(1  +  3^)h(2o  +  2^  -  ^h)l  . 
Adding  (165)  and  (166),  we  have 

p(2c.2   .  a^)a2  +    [cx^(^  +   h)    -  (?^]a2 

=■  ^   fl2(5  +    92^)a'^^2   _^   2(51   +   29l')<^^^^ 

48  /  ^ 

(167)  -  3(7  +   5Z>)i9^  +   h  3i^  [8(2   -  ;^)o^  +    (19  +   5>)o^fl^ 
+   8(1   +   ■P)p'^]    -  12h[2(l   +  7^)a^  +    (1   -   2^)0^^^ 

+    (1  +  V)0^]   +  4(3  +  ■V)<^^0h^j    }!. 

But     p^.  h  »    ^  .   ^<^#^  =  -^^(30^  ,  ,2),    and 
2«^2  ^    p2  20^   +  ^^^ 

hence 

(168)  ^2(p    +   h)    -  6^   -        ^   ^    ^„(6o^^   -   ^^). 

2«2   +    62 
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Let  Imj^agJ  =  A2.   Thus  by  (167)  and  (168),  we  have 

P(2<.2   .  ^2)A^ _i__(6o,4   _   ^4)^2  =  0.    or 

2c<      +  p 
-2«4p 
— 2 2''^2  =   "•      Hence  33  =  83  and   by    (167), 

op  o 

^2    =    ^"   ^'"      "  \^   lfl2(5  +    92/).S2   ^        5^   ^   2  2   4 

96/9(5o4   _   p4)    ^( 

-  3(7  +   52;)/$^  +   h[3p[8(2  -  v)^^  +    (19  +   5l/)oV 

+  8(1  +  y)B'^]    -  12h[2(l  +  i/)Q4  +    (1  -  yh^&^ 

+  (1   +  i^)^l     +   4(3  +  2/)a2^h^/  >) 
(169)             =.  -         ^^^ 


■^;7 2~)U  [24(13  +   5Z/)o6  +  4(33  +   72/)a40' 

96(5ot^   -  3^)U      •■ 

+    (9  +   232^)0.2^4   ^.   3(1   +   32/)06] 


-  4(40,2  +  p2)j,  3[2(i   +   j,)o,4:  +    (1   .  2/)c<2^2 

+    (1   +   2;)^4]     _    (3  ^  2;)c^2.j,||^ 

Since  ^2  is   real,    then  by    (164),    a^   is  real  and    (163) 
shows   that 

'1    "  16(2.2"!%)  1^^^   -  ^>-^  ■»-   4(7  ■*•  2.).2^2 
(170)  -    (7  +   51^)3^^   -  4h[4(2  +  2y)o,2^  -  2(1  +  2^)/3^ 

-  2(1   +2/)a2h  +    (1   +  2>)^2hj/\ 
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Thus  the  function  4*2(5)  is  known  from  equations 
(170).  (169),  (156),  (157),  (158),  (159),  and  (160).   It 
is  a  finite  series  with  the  coefficients  given  by  the 
above  listed  equations  and  it  can  be  written  as 

(171)  ^^(S)   «  I  a.  ^'',  and  also 

^      k=l  ^ 

(172)  ^2'(^>  =  V^k^""'- 

k^l 

2.4.  (b)  Determination  of  :^2'(^)-   ^^°"^  equation  (146), 
written  in  terms  of  J',  we  have 

or,  on  the  boundary 

r    3 


y'(<^)  1C2*(<^)   =-^'(<^)[^+   ijx^dyl 


(173) 


-  w^l?)'*^2('")    -  w(^)^2'(^)- 


-1 


Now  w*  (cr)   ■=  2  0O- +  2w  and  hence  w*  (a)   =  2(Bcr       +  a) 
Thus   the   left  hand  side  of    (173)   has   the  form 


(174)      2(5  £  bj.0-  +   2o  ^  bk<^     . 

k=l  k=l 

fi!£[ii25£  +   ifx^dy]    is   given  by    (151),    so  that   the 
first  member  of   the  right  hand  side  of    (173)   becomes 
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(175) 


d        24  4 

4-  i^^-:L^(2os2   +   6^    _  ^^^^4   ^  ^|4(i   ^    ^)«2 

+    (17   +    ISm^    -   12(1    +  2^)^h]cT^   +  |r8(3   +    27^)o^e 
+    (7   +   5i^)^^    -  4(1   +  i/)h(2<^^   +   2§^   -   ph)]  .r^ 
+  I  [2 (3   +  2^)^^   +    (13   +    5V)p^    -   2h((5  +   3V)^ 

-  (1  +   2^)h)|  0-  +  ^[iScx^e  +   5p3   _  h(12o<^  +   90^ 

-  6^h  +   2h^)]     --|fe(3    -   7/)=^^   +    (13   -   5Z0/9^ 

-  2h  ((5   -   32>)^    -    (1    -  ^)h)  I  o--^    -  1  |8(3   -   220(X^(9 
+    (7   -   5l/)/S^    -  4(1    -  2>)h(2a2  ^   3^2   _   ^j^jj  ^-2 

-  ^  ^(1   -  1^)0.^   +    (17   -   152/)/9^   -   12(1    -  J/)^h]  cT^ 

-  lL_;_ZM(2a2  +  32   _    eh)o--4   _    (1   -  »<.g2   ,5 

4  4 

-  (1    -    2^)3^-6 


24 


P^      g   -f   ^U63^6  ^  XI_LJii^(6a2   ^    e^<3-^ 


24 


24 


f   li-^t.^il^(2.2  ..   2^2   -   sh)/  +   3^  [4(1   +  2^).' 

+    (23   +   21^)o^^|9^   +   3(1   +  2v)/s'* 

-  3(1   +  iy)^h(4a^  +    e^)]c-^  +  2lt^^°  +   7^-)^^^ 


+   5(11  +   Si')/?^   -   12(1   +  i;)h(2cK^  +  40^   -   ^h)]-' 
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1  1  4  2  2  4 

+  ^<8(3   +    iJ)a^      +    4(19   +    97/)'^    p      +    (7   +    52/)^ 


-  4^h  ^(2  +  2^)^     +    (1  +   :?>)/?     J(^+  I  [6(3  +   A2/)cs 

3  r  2  2 

+    (39  +   20;^)^      -   hLl2>«      +   3(10  +   ^y)^ 

-  6(1  +   22;)iSh  +   211^ \[   -ife(3   -  l')^ 


+   3(13    -  WV)^^   -  5^5^   -  h[30(l   -  U)^P 

3  2  2  21  ?    —1 

(175)  -  93/A      -  6(1   -  V)cK   h  +   ei*^  h  -  23'^h  J  J  <^ 

Contd. 

-  I [24 (2   -   2^)  A    +    (59   -   257^)^^    -  4h  [2(1    -  3>)c>^ 

+   4(3    -   22^/S^    -  3(1    -  2/);Sh]^a"^    -  5i4[8(l    "  ^0  «^ 
+   2(53   -  392/)c^^f?^  +  3(7   -  5y)/9'* 

-  12(1   -  »^h(4c^     +   2^'   -  /9h)]  0-'^   -   i|[lO<l   -  -2^)°^' 
+   2(10   -  92^)6^   -  15(1    -  3/),5h]  ^^"'^ 

-  Il_n^(3<s2  +   ^2   -   3h)--'  .  7(1   -^I.).e3   -6 

_    (1   -  2^)^  4      7 
24 

Since  ^'oC-f)  is  known  to  be  a  finite  seriea ,  the 
remaining  terms  of  the  right  hand  side  of  (173)  can  be 

written  as 

-1  ®  k  2  ^  1-k 

-2 (9c        +<?>)  I  a|jcr      -    (^(T     +   2o<^+  m)  Z  kajjO"        ,    or 
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®  k-1  ®  k  ®  3-k 

-20   I  a.  a^  ^  -  2a  I  a,<T*^  -  3  ^  ka-cr*^  « 

k-1  *^  k=l  ^  k=l     ^ 

(176)  f.  ^ 

°  2-k  °  1-k 

-2<»  £  ka,  .'"^  ^  -  m  X  ka.  cr"^  ^, 

k=l     ^  k=l     ^ 

where   the  aj^'s   are  given  by    (170),    (169),    (156),    (157),    (158), 
and    (159). 

Equating  the  coefficients   from    (174),    (175),    and    (176) 

that   involve  only  the  bu's,   we  have   the   following: 

2 

—  ^'-^     f  4  2    2  4 

2c«bi    "   -  -6~)6(3   -  2^)a*  +    3(13    -   lli')«^0^   -   SJJfiT 

(177)  -h[30(l   ~y)a^0   -  9ys^   -  6(1   ^  y)<s\ 

+   6J/fi\  -  27'/?h^jr    -  4^&^  -  6083   -  2ma2. 

2pbi   +   2*^2   =   -  -£iii-a|24(2   -  2/)o^|S   +    (59   -  25i')/S^ 

(178)  -  4h[2(l   -Z^)a^  +   4(3   -  2J^^^   -  3(1   -  2/)^h]  ( 

-  5/Sag  -  8csa^   -  31033. 

23h2   +   2ab3   =   -  ^[8(1    -  2/).^"*   +    2(53   -   39V)a^^Q^ 

(179)  +   3(7   -   5V)S^   -   12(1    -  J^)^h(4«2  +   2$^   -  |Sh)] 

-  6^ag  -  lOaag  -  4ma^. 

20^3  +   2ab4   =   -  -^^^[lOd   -  2/)o.^  +   2(10  -   91^)^32 
(180) 

-  15(1   -  3/)5h]    -   12^86  -   5ma5. 
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(181)  20^4  +   2c^F5  =  -  fiZiL^.jai?(3«^  +  0^   -  ^h)    -  emag. 

(182)  2pBg  +   2c»Fg   "   -  7P^(i    -  y)c.^3 

24 

(183)  20bg  +   2«b7   -   -   P^^d   -  3-)/g^, 

24 

(184)  2^bjj_j^   +   2«bjj  =   0,    k  ^   8. 

Noting  that  m  =    /9     -  h,    then  by    (177),    (169),    (156), 
and    (157),   we  have 

bj    =   -  l|§{6(3    -  2J)o>'^    +   3(13    -   112/)a2e2    ^   ^^^4 

-  h[30(l   -  Z/),^^^    -  93^/5^   -   6(1   -  Z^)a^h 

2 

-  ^-^  |4(1  +  2>)a2   +    (17  +   i5;/)^2   .  ^2(1   +  2J)jSh] 

,    ^"^^V  ^^       ((424(13  +   5^«6 
96»(5o>'*   -  ^4)   (I 

+   4(33   +   7>)a4e2   +    (9  +    232')c?2^^ 

+   3(1  +   32.)^6]    _  4(4c,2  +  ^2)^(3  [2(1   +  i/)^^ 

+    (1    -  2')o(2fl2   +    (1   +  2^)^  4]     _    (3   +    i/)«2^h 

?w2 


960a8  ^    12(261    -   5^a6/52 


(185) 


96a(5o4   _  B^) 
+  4(15   -   13>)'*4(34   _    (555  .   59;2/)c^2^6   _    ^gl   -  25i>)^-8 

-  (Sh  [24(97   -   ll2^)<^6  +   4(81   -   59>)  0^  4^2 

-  5(63    -  31i/)c^2<s4      _  3(3   _   232^,^6] 


51 


+   4h2  [12  (7   -  32/)o.Q  +   2(15   -  3l2J)c^^^^ 

(185)  +   2(3  +   ll3/)oi2<34  +   3(1  +   5J/)/3^] 
Contd . 

-  40h3  ^(3   -  42/)«4  +    (3  +  3/)rt2^2  +  4^/5^]  ?. 

Hence  b^  =■  'Si  as  it  is  real.   Since  all  of  the 
bjj's  depend  upon  bj,  all  bij*s  are  real.  Because  of  the 
length  of  each  of  the  bj^'s,  only  the  final  result  for 
each  one  will  be  given. 

^     96.^2(5c.4  .34j^PL 

-  6(77  -  25V)<^^$^   -   4(117  -  193^)<^^/9^ 

+  7(3  -  112/)<^^P^   +  (21  -  25^^®J 

-  h[l20(3   -  l/)o^  +   6(37  +    592/)a®;?2 

(186)  -  4(99  -   6530^*^^^   -    (195  +   173;^)d2^6 
+   3(3   -  233^)^®]   +  4p'h2[l2(8  +  3^)o^® 

-  2(15  -  312/)c^^/e^  +   2(21  +   11V)0^'^ fi^ 

-  3(1  +   530/?^]    +  4^2h^[4(3   -  AP)o^ 
+    (3   +  2/)c?.2^2+  4i)9  4j? 
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2  r 

bo   -   -  ^-^ 80(1   -  2/)cxl0  +   40(13   -  32/)a8^2 

96^3(50.4   -    p4j(- 

+    2(403    -   67200^®^^   +   4(37   -   iJ^U^ff^ 

-  (93    -   772^)c^2^8   .    (21    -   252^)^^® 

-  /5h  [l20(3   -  Z/)o\^  +   6(43   -   59J^o^ys2 
(187)                 +   4(63   -   532J)a<^fi^  +    (99  +   1732/)«^2^6 

-  3(3   -  23;/);^^]    -  452j^2^36(i  +  ^)a® 

-  2(15  -  3i;')oi4^2  +   2(27  +   112/)o^2^4 

-  3(1  +   5;^^)^^]    .  4/s3h3[4(3   -  4j/)o4 
+  (3  +  i/)o^2^2   ^   4;-^4j   ? 


b4 ^'^     ^  jl20(l   -  Z/)a^°  +   30(3   -  2^)^®;3^ 

96a^(5ai^   -    e^)  ^ 

-  6(141   -  292^)0*^/5^  -  2(135  -  29>>>  ^/S® 
+   (93  -  nV)<s  B    +   (21  -  25;')^'- 

-  ^h[30(3   -  U)<i^  -  6(43   -   59;')^^>S^ 
(188)                -  2(171   -   121^^)a^a^  -    (99  +   173:J')cs^/3® 

+   3(3   -   23»/9^J    +   4p\^[36(l   +  2J)<t^ 

-  2(15  -  3U')c7v^^^  +   2(27  +   ll>')v?^^/'* 


-   3(1   +   51>)^®]    +   4^\^[4(3   -  42^ 
+    (3   +  3^)^26^+    43//S^]l 


4 
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2   2 
^^    ^  '60(1    -  2/)<>?'^+   6(135   -  23J^U^^^ 


96o<^(5cx'*   -  p^) 


(189) 


+   4(63   -   132/)a^^^  -    (93   -  777/)d,^/9^ 

-  (21   -  25^)^1®  -  /y3h[6(43   -  592/)o<6 
+   4(81   -   592/)oc4^2  ^    (99  ^   173300^2^ 

-  3(3   -  232^)^^]    -  4/s2h2[36(l  + :?/ )oi® 

-  2(15  -  3l3/)^4^2  +   2(27  +   11>)<a2/?4 

-  3(1  +   5:^0/^1    -  4;s3h3  [4(3   _  42,^^4 
+    (3   +  Z0^2^2   +   4^^4]j^ 

be £^L?i!? JiO(l    -2/)olO   _  g(jQ3   _   i92/)<^6^4 


'6 


(190) 


96c^^(5o('*   -  ^'*) 

-  4(63   -  13P)o^'^B^  -    (93   -  772^)A^/S^ 

-  (21   -  25:?0/5^°  +  A  [6(43   -  592/)a® 
+  4(81    -   59J0'a'*/62  +    (99  +    1732^).^^ 6** 

-  3(3   -  23 2^)^^]    +  4/?^h^[36(l  +  Jy)<^ 

-  2(15  -  31300^"*/^^  +   2(27  +   li;^);^^^'* 

-  3(1  +   5y)/3^    +  ^V[4(3   -  4^)a'* 
+  (3  +  j/)oi^e^  +  4;'^'*][^. 
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,2,6 


b- ''^  ^   — /6(137  -  252/)ot6^2  ^  4(53   _   i32/)<^^ft' 

-  (93   -  772/)rt2^6   _    (2I   -  252/)p^ 

-  /9h[6(43   -  592/)cx6  +   4(81   -   59U)o^^fi^ 

(191)  +    (99  +   1732/)ca2^^   -  3(3   -   23;^)^  6] 

-  4h2^6(l  +  2j)o<^   -  2(15  -  312^)d^4^2 
+   2(27  +    112O<^^0^   -  3(1   +   52/)0^] 

-  4jSh3[4(3   -  42/)oi^  +    (3  +  i/)*^^^^  ^.  4>y5^]  | . 
Thus  we  have  the  same  form  as  with  the  case  of 

7l'(^)'      Hence  by  equation    (144),    we  have 

(192)  72'(-^>    -     ^   V^^' 

^  k=l  a  +  ^j' 

where  the  bjj's  for  this  are  given  by  (185)  through  (191), 
2.5.  Final  Results  for  the  Rotating  Lima^on. 

We  shall  follow  the  same  procedure  as  indicated 
in  Part  I  for  the  final  results  of  the  Rotating  Disk. 
2.5. (a)  ^(j)  =  «f^(5)  +  ^'gC^).   To  get  the  final  ^(5) 
we  shall  add  the  coefficients  of  tj(j)  and  '*'2(^)  as 
indicated  in  (120)  and  (171).   The  new  coefficients  are 
9(J^ 


a,.  =  0°^  ^  8(3  +  2/)oi^  +  4(4-  2/)o\2^2 

8(20*2  _  ^2)t 

(193)        -  (5  +  3»^^  -  4^h  [2(2  +  »CK^   -  (1  +  2/)^2J 
+  2(1  +  ^)h2(2c^2  _  ^2);^^ 
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,^  i!d [96(5  +   3P)<^^e    +  64(1  +  2/)o.%^ 

-  7(10  +  j/)<>^a^  -  6(1  -  j/)ie*^ 

(194)  o  or  4         ,  V    2   2 

-  12(4oi^  +  e'^)h\2    (1  +   ^)c*      +    (1   -  3^)«   ^ 

+    (1  +  2.)34]    +  4(3  +  2^)  (.4^^  +  ^^)c^W]. 

(195)  a3'    =  -^^[(11   +   S^^'XS    -  6(1  +   >')h]  . 

(196)  a^*    -    P^^l  ^  2.^)^^(g   -h). 

(197)  a^'    -  ag»    -  0. 

Thus  f($)   is  a  finite  series  and  may  be  written  as 

4  k 

(198)  ^CJ)  =     I  a   M. 

where  the  a.«»s  are  given  by  (193)  through  (196). 

iC 

2.5.  (b)  X'iS)   -2i*a)  +  X2*U).      Since  7(i'(r)  and 
Xo'(^)  both  have  the  same  form,  we  again  add  the  in- 
dividual coefficients  to  get  the  coefficients  for  the 
final  function.   The  new  coefficients,  obtained  from 
(134)  through  (140)  and  (185)  through  (191),  are 

b ,♦  =  -  ^4 r- [24(145  +  72/)a6a2 

^  960^(501      -   0    )  ^ 

+   2(172   -   172^)<^'*^4   ^    (670  -   nP)a^^^ 
-  2(31   -  11^))9^   -[ah  96(26  -  2/)c^6 
^^^®^  +    2(128   -   1093^)a'^^2   _(394   _   1251^U^b'^ 
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(199) 
Contd. 


-  6(3   -   112^)P^]    +  4h2[l2(7   -  3i/)c^6 

+  2(15  -  312/)(a4^2  +   2(3  +   ll2^)oi2^4 

+  3(1  +   5Z^)/S6]    »  43h3[4(3   -^)a4^ 

+  (3  +  i/)a  2^2  +  4;^;s4'j  1 


bo'    = — (240(1   -  Z/)«^3 

2  044/ 

96<*"'(5a^  -  r)  ^ 

-  12(175  -  :^)cx6;33   _  2(196  -  412')c^^6^ 

+    {27 A  -  43y)o^^^'^   -  2(31   -  112^)/S^ 

-  h  [240(1   -  2J)a^  +   12(17  +   23y)<^^fi^ 

(200)  -  16(19  -  2^^)0(4^4   _    (146  +   16iy)a^/3^ 

+   6(3   -   112>)/S8]    ^   4^h2[l2(8  +   32/)<^^ 

-  2(15   -  31i^)a4/s2  ^   2(21   +   lll')c^2/s4 

-  3(1  +   5»^6]    +  4/52h3[4(3   -  4>)cv'* 
+    (3   +  2^)a2,f2  +   4J'^4]  ? 

^i^^? [l60(l    -  2^)0(10 


3 3        4  4     , 

96a    (5«*   -  P   ) 

+   240(1    -  2^)a^^2   +   4(427  +    52/)a6^4 

(201) 

+   2(148  +   7»o^4^6   _    (322   -   53i')c?2^8 

-   2(31    -   1U/)^10-  ^h  [240(1   -  2/)^8 
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(201) 
Contd . 


+  276(1    -  ^)o<6/5'2   +   2(148   -  31:>)o.4^4 

+  (50  +   16l2/)«2^6   -  6(3   -   112/)^ 8] 

-  402h2[36(l   +  2/)a6   -   2(15   -  31i')a4^2 
+  2(27  +    ll3/)a(2^4    -  3(1   +    52')/6] 

-  433h3[4(3   _  4a/)a4  +    (3  +  2^>j»2^2  +   42y^4j  ?. 


b4' 


?gP^ 


96oi^(5«^   -   ^^) 


240(1   -  2^)rt 


10 


(202) 


+  60(1   -  2/)o^8^2   .  12(149   -   5^)o<^^'* 

-  2(178   -   23y)o<4;56  +(322   -   53;')c>2;98 
+  2(31   -  liy)0'^^  -  (Sh[60(l   -i^)o^ 

-  276(1    -  y)a.^p^   -  2(134   -  1152/)«4^4 

-  (50  +   161l^)«2^6  ^   g(3   _   ii2/)^8] 

+  4^2h2|"36(i   +  5/)a6   _  2(15   -  313^)0^^2 

+  2(27   +   liy)c^2^4    _   3(1   ^    S^)/?^] 

+  4e3h3J4(3   _  4  3/)oi4  +    (3  +  ;^)c^242  +  4>'i^]J. 


Pa>2:?2 


.Jl20(l    -  2/)ca10 


(203) 


96a(5(5a4    _    g4j  ; 
+    12(143   +2/)o<654  _   2(172   -   17j^)o^4^6 


-    (322   -   53J0^^5®  -   2(31    -   lU)^ 


10 


58 
4.2 


-^\  [276(1    -  2/)a®   +  2(128   -   1097/)c^^^ 

+    (50  +    1612;)o<2^'*    -  6(3    -   llZ^)/3®] 
(203)                                     o    o  r                             A  4    9 

Contd.  -  4?'*h^l36(l   +  2y)ot**  -  2(15  -  31»d^*^'^ 

+   2(27  +   112/)o<^3^   -  3(1  +   52/)^®] 

-  4^\^  [4(3   -  42/)ot^  +    (3  +  »a^e^  +   4>/9^]  (. 


(204) 


96o(6(5<^4   _  ^4) 
-  4(436   -  72^)0(6^4   _  2(172   -   17»o^^^ 

+    (322   -   532;)a2e8  +   2(31   -  112^)^1° 

+   ^3h|276(l   -  >')cx6  +   2(128  -  lOSJ^^'^^^ 

+    (50  +   161»<^2g4   _   6(3   -   IITJ)^^] 

+   4p2h2|36(i   +j;)c^6   .  2(15   -  3l2/)o('*^2 

+   2(27  +   11^^)0^ 2^4   _  3(1   +   57)0^] 

+   4j33h3[4(3   -  42/)o<^  +    (3  +  »a2^2  ^   4i/^'*]  j'. 

/""^^  ^2(145   -  22.)^ 6^2 

96«^(5c^   -   r)  ^ 

+   2(172   -   171^)^^ 0^ 


(205) 

-    (322   -   532/){^2;?6  >   2(31   -  li;  )^® 


-  ^h  [276(1    -  2/)a6  +    2(128  -   109»c\'*,:? 


2 
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+    (50  +   16]J')o<2^4   -   6(3   -  112/)/?^] 

-  4h2r36(l   +  P)a^   -   2(15   -  311^)a^^^ 
(205) 

Contd.  _    -  fii 

+    2(27   +    ll^a^^'*    -   3(1   +    52^)/3^\ 

-  4/?h3[4(3   -4i/)a4  +    (3  +  i/)o^2^2  +   4i/;Q4jj^ 
X' ( S)   has  the  form 

(205a)  I'(J)   =  £  h'S^  +  -^^ 

k=l  *^  «    +  ^^ 

2,5. (c)  Derivatives  of  ^(5)  and  X'(5).  Putting  equation 
(193)  into  another  form,  we  have 

(206)        f(5)  -^l   Hfej^ 

4  k=l 

where  the  ajj's  can  be  found  from  (193)  through  (196). 

Thus  the  derivatives  have  the  form 

k=l 
(207) 

1'"(5)  =-^1  k(k-l)ak^^-^ 
*  k="l 


From  equations  (199)  through  (206),  ;^«(!)  can 
be  rewritten  as 


(208)   X'iS) 


96o{(5c<^   -  e^) 


6k   ab7^ 

I  bj^5  +  -^i  . 
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Thus  the  derivative  has  the  form 


^"(n  = 


96a (5a '^  -  ^^) 


IkhJ 


k-1 


k«l 


(209) 


«by(7«J'6  +  6^j7) 


(a  +  6  5)2 
If  f(z)  =  F(5),  where  z  ■=  w(J),  then 


and 


f"(z)  =  w'(J)F"(5)  -  w"(J)F'(J) 

[w(J)]^ 

Since  w(5)  =  ^j^  ^  2o(i  +  ^  -  h,  w»  (j)  =  2^J  +  2o,   and 
w"(5)  =  2fi,  we  have,  from  (207) 


^••(z)  = 


2<^(eS   +<A)  I   k(k-l)aj^J^-2  _  eJ^l        ^.k-l 

^ k=l k°l  ^ 

8(^^  +  c^)^ 


(210) 


.2 


16  (Bj  +  -sy 


a  J   k(k-2)aJ^'"^ 
k=l       ^ 


+  a  £  k(k-l)a.  J 
k=l       ^ 


,k-2 


2.5. (d)   Form  of  V  and  F.   From  equations (69) 


V  =3  Vi  +  V2  -  -  ^(x2  +  y2) 

F  =  Fj  +  ^2   23 ^   +  y  ). 
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Thus 

(212)     Fyy  -   ^■^'^3-  ^^y^   F,^  -  '■^^\-  '">^\   and  P^y  -  0. 

Since  we  shall  want  these  functions  to  hold  inside 
the  limaqon  as  well  as  on  its  boundary,   we  have,    from 
equations    (82) 

z  =  pj"^  +   2«I  +  m 

^^^^^  =  pr2<r2  +   2«r^  +  m, 

where    J  =  rcr,    0  ^  r  ^  1,    o"  =  e^^,    and  m  =  /9  -  h.      Hence 

X  »=  /9r2cos2e  +  2arCos©  +  m 

y  =  ^r2sin2e+  2«rSine. 


(214) 
Thus 


x2  =.  e2r4cos229  +  4aer^Cos2eCos«  +  2^r2cos2© 
(215)  +  4a2r2cos2d  +  4«inrCos  B  +  is? 

y2  „  /S2j.4sin22©  +  4oi^r3sin2«Sin©  +  Ac^^r^Sln^ e . 

Now  r^osnts  -  |(Jfn  +  J«),   r^Sinne)  =»  -^{S^  -  J°) ,   and 

_  2 

5  5    =  r    .        Thus    (215)   becomes 

^2 
x2  =  ^(52  +  J2)2  +  ^^(^2  ^  J2)(j.  ^  J)   +  0„(j2  ^  p) 

+  (^^iS   +  1)2  +   2c^m(l   +  I)   +  m2 
==  ^^4  ^  J4)   ^  ^3(^3  ^.  p)   +    (em  +<^2)(^2  ^  P) 

+  C5^(2m  +  (3r2)(5  +  j)   +  ^*  +  2a^r^  +  m^ . 

y2  =   .  ^^2   _  y2)2   .  ^0  (J2   _  j2)  (jf   -  j)    -  o.2(J    -  1)2 

[4 
^   (54  +  J4)   +afi(i3  +  J3)   +a2(j2  +  j2) 
2  1 

(217)  -  cs^r2(5  +  I)    -  -|^^   -  2a VJ. 
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2.6.   Final  Stress  Components. 
Since  z 


6^2  +  2*1  +  m,  5  -  J- 


-  tA 


+  Va»   -  6m  +  ^s 


or 
(218) 


-  «  +  \/a2  - 


e'^  +  ^(h  +  z) 


Because  the  branch  point  is  outside  of  the  limaqon,  this 
is  a  single-valued  analytic  function  in  and  on  the 
boundary  of  the  limaqon.   Thus,  given  any  point  in  or 
on  the  limaqon,  equation  (218)  transforms  it  to  a 
5-value.   Hence  giving  the  stress  components  in  terms 
of  S  is  sufficient  for  their  determination. 
By  equation  (20) ,  we  have 

'^X  "  V  +  ^yy  -  |fz^"(z)  +  z*^^(^  -  2riz) 

-  24'«(z)  +  X"(z)  +  5C'»(z)] 

(219)  <ry  ==  V  +  Fxx  +  |[z'^'(z)  +  zr^^T^  +  2^  (z) 

+  2f  •  (z)  +  X."(z)  +  x'»(z)] 

Txy  -  -  Fxy  -  |[z»'"(z)  -  xWi^   +  X."(Z)  -  r^Tiy]  . 

From  (211),  (212),  (216),  and  (217),  we  have 
2   o    o      2, 


V  +  F 


yy 


'^"(x2    +    y2)    ^.   fuda_r_2iiy2 
2  i2 


Pw     ,    2 

f  r'^ 

2 

Pw2  [ 


(x^  +   *^^) 


•4    .    t4' 


(220) 


g    /(I    -  i^)(S^(J*   +   J^) 
+   4(1   -  3/)o(ff(j3   ^J^)^4  [(1   -  2/)*^ 

+  ^(fi  -  h)]  (J2  +  j2) 
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(220) 
Contd. 


+  4^  [20    -  h)   +    (1  +  2/)/?r2]  (S  +  J) 

+   2(1  +  2>)/?2r4  +   8(1  +2/)o^2i.2  +  4^^  _  i,)27 


V  +   F, 


XX 


^(x2   -H   y2)    H-^d   .i.)x 


=    -  ffii-(2/x2   +    y2) 
2 


Pco' 
8 


(221) 


{(1   -2^)^^(J'*  +  3^) 
+   4(1    -2/)ae(S^   +  J^)   +   4[(1    -  2^)ca2 
-  yi^(ff   -  h)]  (j2  +  j2j    _  4o([2j.(^  _  h) 


+    (1  +   y)0r^](^  +  J)   -  2(1  +  l^)fi^r 


2_4 


-  8(1  +  i/)<x^r^  -  4>'(^  -  h)^j. 
Hence  from   (219),    (221),    (207),    (210),    and    (209), 


we  have 


*x  -  -  ^1(1   -  »/32(54  +  14)   ^  4(1  -^)ot^(53  +  J3) 


(222) 


+  4[(1  -  2^)cx2  +  p(0  _  h)]  (^2  ^  y2) 
+  4c^[2(B  -  h)  +  (1  +i/);Sr2](J  +  J) 
+   2(1  +  2;)e2r4  +   8(1   +  i/)a2r2  +  4^    -  h)2 


Puj^UbJ^  +   2o>r  +g     -  h) 
32  )  (&J  +  c^)3 


6  t  k(k-2)aJ 
k-1  ^ 


+  <v  £  k(k-l)ajjS 
k=l 


k-1 


k-.2 
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(222) 
Contd. 


4.(g5^  +   2dl  +  6     -  h) 


((J  5"    +  a)3 


P  I    k(k-2)afcl^"-'' 
k-1  ^ 


+  a   I  kCk-Da^I*"^ 


k=l 


(pi    +  c^  )k=l 


^  ka^r"^-"  -  —= 


I  kaj' 


(0S  +o()kti     k 


12o((5a4   -  04)  (gj   +  ^) 


I  kbj 


k-1 


k=l 


<>b7(7o^56  ^  eef*^) 


(BS  +  0)2 


I  ^\^-' 


12a(5a4   .   34)(g^   +a)|k=l      ^ 


(p  J    +  c\  ) 
From   (219),    (221),    (207),    (210),    and    (209), 


we  have 


2^)5^(5^  +  I^)   +   4(1   -2/)^fi(r^  +   3^) 


(223) 


+  4  [(1   -  2/)c^2   _  z^^(^   -  h)]  (5^  +  r^) 
-  4^[2n^  -  h)   +    (1  +  y)er^]iS   +  T) 


-  2(1  +  ■^)&\^  -  8(1  +  2/)^^r^  -  42/(6   -  h)^ 
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k=l 


k-l 


4  Jj;_2 

k«l  ^ 


(223) 
Contd . 


{65      +   2ciS  +  &    ^  h) 


(9S    +  c\)3 


p  £  k(l£-2)a.T*"^ 


k=l 

4 
k^l 


+  alM'lU^'^\ 


±—i  ka.S^-1  +  ^_|  ka^sk-1 

(13!   +c\)k=l     ^  (6J  +  «)k='l 


120((5o(^   -  A^X^i"  +  ^) 


'6 
k=l 


k-1 


.4        «4 


12c\(5cA*   -  /9^)(8S    +  «)  y«=l 


(as  +  ov)2 


f  Tk-l 


(b    (7c^3^  +   6ST'^) 

or  +  ^)^ 


From   (219),    (212),    (210)   and    (209),   we  have 

_  lPa;2  f(gf2  .4.  2c«7  +  B    ~  hi 


T 


xy  32 


(es  +  o<)' 


a   I   k(k-'2)auS^^"-^ 
k=l 


(224) 


+  a   I   k(k-l)aJ 
k=l  ^ 


k-2 
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(224) 
Contd. 


id:^      +  2<^5  +  6  -  h) 


(pS  +  a)' 


p  £  k(k-2)a^S*'-^ 
k=l       *^ 


k=l       ^ 


12<A(5«'*  -  P^)(05  +0.) 


I  kb  S 
k=l  ^ 


k-1 


7x1 


c«b„(7o5''^  +  6^S') 

+  — 1 

(es  +  cn)^ 


12'^(5q4  _  64)(^§  +  ex) 


6     V  1 
k=l  ^ 


o'b^CToS  +  66  S^)"" 
(P!f  +  o^)2 

It  is  to  be  noted  that  if  5  =»  0,  then  the  limaqon 
becomes  a  disk  of  radius  2°^.      The  final  stress  components 
as  given  in  (222),  (223),  and  (224)  reduce  to  those  found 
in  the  first  part  of  this  paper,  equations  (71),  (72), 
and  (73),  if  ^3  ■=  0  is  substituted  in  equations  (222), 
(223),  and  (224). 


APPENDIX 


If  the  stress  components  cr„,  a   and  r   are 

y       xy 

known  for  any  point  of  a  plate  in  the  state  of  "Gener- 
alized Plane  Stress,"  the  stress  acting  in  any  plane 
through  this  point  perpendicular  to  the  plate  and  in- 
clined to  the  X-  and  y-axes  can  be  calculated. 

Consider  Figure  1.   If  AB  -  1,  then  QA  ■»  Cos  e 
and  OB  -  Sin  e.   Thus 


c^jjCos  e  +   r    Sin  e . 


Y  -  <^ySin  e  +    t:  j^yCos  e. 
ay  -  X  Cos  ©  +  Y  Sin  e  . 


re 


«  Y  Cos  e   -  ^  Sin  e . 


Hence 


Figure  1 


""r  "  ^x^^^    ^  +  tjjySin  6  Cos  e  +  «r  Sin  & 

+  ITjjySin  O  Cos  0 

"  2^*^x  +  <^y)   +   2^*^x  -  <ry)Cos  20  +   T^^ySin  26,    and 

2 
^re  "  o-ySin  Q  Cos  9  +  TxyCos  9  -  cr^^sin  6  Cos  0 

-  ^xySin  0 

-  -  ^("^x  -  <^y)Sin  20  +  TxyCos   29. 
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If  Instead  we  consider  Figure  2,  where  OB  =  1, 
then  OA  =>  Cos  ^  and  AB  -  Sin  9.   Thus    i 


Y 

0-0  =  7  Cos  9  +  X  Sin  G. 


e^jjSin  ©  -  ^yCos  Q. 
o-yCos  ©  -  TxySin  9. 


■re 


1  Sin  e  -  X  Cos  e. 


Hence 


Figure  2 


e 


VyCos  e  -  TjjySin  ©  Cos   S  +  a^^sin  0 
-  TjjySin  9   Cos   e 

=  ^("^^x  +  «^y)   -  i^^x  -  cry)Cos   26  -  T^ySin  2©,    and 

2 

-TpQ  =  o-ySin  8  Cos  G   -  TxySin  &  -  ^^x^ln  ®  Cos  & 

2 

+  TjjyCOS  (9 

"  -  ^^'^'x  -  ^y)Sin  2e  +  rjjyCos  29,  which  is  the 
same  as  from  Figure  1. 
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